The holographic mutual information for the small separation of two circles and two strips in 2+1 dimensional space-time is considered based on the known exact minimal surfaces spanning the boundaries on AdS 4 . The results suggest a universality for the leading term in the short-distance expansion of holographic mutual information. A conjecture for a similar result for d > 2 is also presented, as well as comments about the analogous expansion in conformal field theory.
Introduction
Entanglement entropy plays an important role in understanding various aspects of quantum field theory, quantum gravity and black hole physics. Given a reduced density matrix ρ A for a spatial region A, the von Neumann entropy is In (1.2) area law divergences cancel, while strong subadditivity [1, 2] guarantees that I(A, B) ≥ 0. For example, Cardy [3, 4] has considered (1.2) in the ground state of a d + 1 dimensional space-time conformal field theory (CFT), in the limit where the separation between A and B is much greater that their sizes R A and R B . For free scalar field theory, the leading term for the large separation of two spheres is
is the cross-ratio, with r the separation of the centers of the spheres, and λ d a pure number. The expansion of I(A, B) for the small separation of two objects is much less developed. In scalar field theory in d + 1 space-time dimensions, the separation between two objects with parallel faces with areas A p separated by a distance s → 0 has the behaviour
where κ d is a pure number which depends on d, and in principle the objects being considered. The corrections to (1.5) are unknown. However, κ d has been computed numerically for two different geometries in [5, 6] and [7] , with agreement between them within numerical errors. This suggests the possibility of a universality for small separation of A and B in I(A, B) in scalar field theory. One may also consider entanglement entropy when there is a holographic dual to the CFT. Fundamental to this approach is the Ryu-Takayanagi (RT) proposal [8] [9] [10] for entanglement entropy for a CFT at infinity of anti-de Sitter (AdS) space-time for a subsystem localized in a domain A on the boundary of AdS, where
In (1.6), G N is the d + 2 dimensional Newton constant, S A the entanglement entropy of d + 1 Minkowski space-time, with its holographic dual gravitational space-time which is asymptotically AdS and A A is the area of the minimal surface spanning the boundary ∂A defined in a spatial slice of the boundary curve of AdS. The entanglement of several disconnected components can also be considered [11] . Results have recently become available for the analytic holographic calculation of I(A, B) for two concentric circles in d = 2, [12] [13] [14] and for two strips [15] . In both cases the holographic mutual information can be expanded for small s
where the O(1) and O(s) terms are known. It was found that
as well as
for two circles and two strips respectively in d = 2. In (1.8) and (1.9), R is the AdS 4 radius, and Area A p is the length of the separating curve of the boundary of A. The equality of (1.8) and (1.9) suggests a universality of the holographic mutual information.
The existent results also suggests that there may be an analytic procedure for a systematic short-distance expansion of I(A, B), both holographically and in CFT. This is a question that deserves further attention.
Holographic Entanglement of concentric circles
The analytic expression for the regularized area A in AdS 4 whose boundaries of two concentric circles are at spatial infinity of the bulk [12] [13] [14] is known. This provides a holographic calculation of I(A, B) for two concentric circles A and B in 2+1 dimensional space-time, with results given in terms of elliptic functions which are dependent on s, the distance between both circular boundaries of the annulus 1 .
We summarize the results of [12] [13] [14] , emphasizing results we need for a shortdistance expansion of I(A, B) in terms of s. The AdS 4 metric in Poincaré coordinates is
One presentation of the results for a minimal surface spanned by one circular boundary 2 is
where C = 2πRP is the circumference of the circular boundary on the cut-off surface ρ = ρ * 1. That is
which separates a divergent term from the finite part.
1 The disconnected regions whose mutual information is computed is the complement of this annulus 2 See [12, 13] for further details
Given two circular boundaries, the boundaries are represented by ζ = ±ζ ∞ , and
(2.5) with s = 2Rζ ∞ (P 0 ). The regularized surface which spans the boundaries of the two concentric circles is
The divergent term A hp is given by (2.4) and the renormalized A ren is
Thus, given (1.2) and the RT conjecture [8] , (2.7) is proportional to the negative of the holographic mutual information I(A, B) of the two concentric circles.
In this presentation the radius of circles were chosen to be roughly equal to the AdS radius 3 . However, a simply argument 4 allows us to relax that choice and generalize the previous expressions for arbitrary radius r. This only changes the relation s = 2Rζ
From (2.5) and (2.7), one has a prediction of I(A, B) as a function of s and r, it is known that these equations give I(A, B) = 0 for s ≥ s max ≈ 1.00229r. To obtain agreement with the leading large separation for I(A, B) from scalar field theory, one must consider quantum corrections to (1.6) in the bulk [16, 17] . One can also obtain the short-distance holographic prediction for I(A, B) by expanding (2.5) and (2.7) valid for small s < s cr ≈ 0.876895r. The first two terms in the expansion are
We can rewrite this expansion in terms of the conformal invariant cross ratio x, related to the geometric variables by
3 See Appendix B for the exact values of the circles's radius 4 From equation (2.7), the relation s = 2Rζ ∞ (P 0 ) and the invariance of the mutual information under overall scaling, it is easy to distinguished between the dependence of the radius of the circle r and of the AdS radius R. That is, in (2.7) R has to be equal to the AdS radius, otherwise the mutual information would not be scale invariant. From ζ ∞ = s/2R we conclude that R is really the radius of the circles r since s/r is scale invariant and so inverting P 0 = P 0 (s/r) and inserting into (2.7) would guarantee a scale invariant mutual information. 5 
See appendix A for further details
This expression gives the leading contributions of the mutual information for geometries conformally related to concentric circles 6 .
Holographic Entanglement of strips
Ben-Ami et.al [15] have studied holographic entanglement entropy and mutual information for m strips of varying size and separation. It is interesting to compare their results for m = 2 strips of equal size with that of Section 2. From their equations (2.1) and (2.7) we obtain the expansion for small separations for (2+1) space-time dimensions
where R is the AdS 4 radius, s the separation of the strips, andL, l are the length and transverse dimension of a trip respectively, withL l. See Figure 1 of [15] . We write the leading term of (3.1) or (3.2) as
From (3.2) we have for (2+1) space-time dimensions
where A p =L, is the parallel coincident length of one side of the closed strips. The short-distance expansion for two concentric circles obtained in section 2 can be similarly expressed as
where R is the AdS 4 radius, and A p =2πr is the circumference of a circle that separates the concentric circles with radius r ± at the AdS 4 boundary 7 . Comparing (3.4) with (3.5) suggests a universality of the leading term in the short distance expansion of holographic mutual information.
Holographic Entanglement of concentric ellipses
Motivated by the exact equality found in the leading behavior of the mutual information of circles and strips, we consider whether one can say something about more 6 See Appendix C for the case of disjoint circles and Section 4 for concentric ellipses 7 See Appendix B for an explanation of this point general geometries exploiting the symmetries of the underlying CFT. A simple example is the case of two concentric ellipses which turns out to be simply related to the two concentric circles case studied in section 2. It is known and easy to check that the conformal map w = z + 1/z between the z and w complex planes (z = x + iy and w = u + iv), maps circles |z| = p or
to ellipses
Here, p is a positive dimensionless number that we can choose to be larger than 1, so that the major axis remains along the u coordinate of the w plane. Consider two concentric circles with radius r + , r − (the same as in section 2) such that r = √ r − r + = p r 0 and r + − r − = s = l r 0 where p and l are dimensionless numbers. The leading behavior of the mutual information is
for the circle. We expect that under the conformal transformation given by w = z + 1/z, the ratio
| ellipses at leading order 8 , however, the distance between ellipses obtained in this way is not well defined. For instance, the distance along the u direction is l u = l(1 − 1/p 2 ) while the distance along the v direction is l v = l(1 + 1/p
2 ) and will in general depend on p. A good definition of distance l should be bounded by these values, and therefore the ratio
should be bounded by the ratios obtained with s = s u and s = s v respectively.
Additional support of our conjecture would be provided if the leading mutual information coefficient for the circles as a function of p would be bounded by the respective one for the ellipses with this two choices of distances l u , l v . Figure 1 shows that that is precisely the case. In fact, the average distance l ≡ (l u + l v )/2 = l gives a good agreement as shown in the right part of Figure 1 , which indicates that the required l does not differ much from l.
Concluding remarks
Results of sections 2, 3 and 4 for the small separation expansion limit of holographic I(A, B) in 2+1 space-time dimensions suggests a universality for the leading term in the expansion. It is plausible that there is a similar universality for the short-distance expansion of holographic I(A, B) for d+1 space-time with d > 2. We conjecture,
generalizing results of [15] . A result analogous to (1.5) is obtained from scalar field theory in [5] [6] [7] 
where κ 2 ≈ 3.97 × 10 −2 [5] , and κ 2 ≈ 3.85 × 10 −2 [7] in two different configurations, based on numerical calculations. Results for d > 2 are also known [5] [6] [7] , which suggests a similar universality for CFT.
Although the holographic and CFT mutual information have the same shortdistance power behavior, as expressed by (1.7), there is no reason to expect the overall dimensionless numerical constants κ d to coincide, as they both occur at weak coupling, and do not reflect a AdS d+2 /CFT strong-weak duality. This is evident in comparing (3.4) or (3.5) with (5.2). For example, in [5] one has the estimate for CFT κ d ≈ Γ(d/2)/16π d/2 which is roughly an order of magnitude smaller than that obtained from the holographic values (3.4) or (3.5) and the conjectured holographic value from (5.1).
Clearly there remain interesting unresolved issues relevant to mutual information at small separations which deserve further study 9 .
where we have used the identities 
